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Abstract. We show that the integer homology sphere obtained by sphcing two nontrivial 
knot complements in integer homology sphere L-spaees has Heegaard Floor homology rank 
strictly greater than one. In particular, splicing the complements of nontrivial knots in the 
3-spherc never produces an L-space. The proof uses bordered Floer homology. 



1. Introduction 

A rational homology 3-spliere Y is called an L-space if the rank of its Heegaard Floer 
homology group HF(y) equals the order of Hi{Y] Z). Examples of L-spaces include S^, lens 
spaces, all manifolds with finite fundamental group pTf Proposition 2.3], and the branched 
double covers of alternating (or, more generally, quasi-alternating) links in [221 Proposi- 
tion 3.3]. Since the rank of HF(y) is always greater than or equal to \Hi(Y; Z)| [221 Propo- 
sition 5.1], L-spaces are the manifolds with the smallest possible Heegaard Floer homology, 
and it is natural to ask for a complete classification of L-spaces or a more topological charac- 
terization [m Question 11]. The following conjecture is of central importance to Heegaard 
Floer theory: 

Conjecture 1. IfY is an irreducible homology sphere that is an L-space, then Y is homeo- 
morphic to either or the Poincare homology sphere. 

Thus, the conjecture asserts that the classification of L-spaces with the singular homology 
of the 3-sphere is extremely simple: they are simply the connected sums of zero or more 
copies of the Poincare sphere (with either orientation). Conjecture [1] is known to hold for 
manifolds obtained by Dehn surgery on knots in 5"^ [211 Proof of Corollary 1.3], [6l Proof of 
Corollary 1.5] and for all Seifert fibered spaces [27]. In light of the Geometrization Theorem 
[211 [251 [13], one should consider how Heegaard Floer homology behaves under the operation 
of gluing along incompressible tori. The following conjecture would reduce Conjecture [T] to 
the case of hyperbolic 3-manifolds: 

Conjecture 2. IfY is an irreducible homology sphere that contains an incompressible torus, 
then Y is not an L-space. 

The purpose of this paper is to prove a special case of Conjecture [21 

To describe our result, let the exterior of a knot in a homology sphere Y be denoted 
by Xk- The meridian and Seifert longitude of K., viewed as curves in dXx, are respectively 
denoted fix and Xk- Given knots Ki C Yi and K2 C I2, let Y{Ki, K2) denote the manifold 
obtained by gluing X^^ and Xk2 via an orientation- reversing diffeomorphism 0: dX^^ — > 
dXK2 taking A;^^ to yU/^j and to Hki- We say that Y{Ki, K2) is obtained by splicing the 
knot complements X^:^ and Xk2- The Mayer- Vietoris sequence shows that F(i^i,i^2) is a 
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homology sphere. The image of dX^^ is incompressible in Y{Ki, K2) if and only if the knots 
Ki and K2 are both nontrivial. Furthermore, a separating torus T in a homology sphere 
Y canonically determines a decomposition Y = Y{Ki, K2): if Y = Xi Ut X2, we obtain Yi 
(resp. Y2) by Dehn filling Xi (resp. X2) along the unique slope in T that bounds a surface 
in Y2 (resp. Yi), and we let Ki (resp. K2) be the core of the glued-in solid torus. 
The main result of this paper is the following: 

Theorem 1. Let Yi and Y2 be L-space homology spheres, and let Ki C Yi and K2 C Y2 he 
nontrivial knots. Then dim.Y{Y{Y{Ki.,K2)) > 1- 

Removing the hypothesis that Yi and Y2 are themselves L-spaces would complete the proof 
of Conjecture [2J Of course we have the immediate corollary: 

Corollary 2. Splicing the complements of nontrivial knots in the 3-sphere never produces 
an L-space. 

Our strategy for studying H.F{Y{Ki, K2)) is to relate it to the knot Floer homology of Ki 

and K2. For a knot K G Y in an integral homology sphere, HFK(y, K) is a bigraded vector 
space over F = Z/2Z 

BFK{Y,K)= HFK^(y,i^,a), 

whose graded Euler characteristic is the Alexander polynomial of K [T6| [26]. These groups 
detect the Seifert genus of K [211 Theorem 1.2], in the sense that 

g{K) = max{a | HFK,(F, K,a)^0} = - min{a | HFK,(r, K, a) ^ 0}. 

If Ki and K2 are nontrivial knots, we show that }iF{Y{Ki, K2)) contains a subspace of 
dimension 

2 ■ dimHFK,(yi, Ki, -g{K,)) ■ dimHFK,(F2, K2, -^7(^2)) > 2, 

which implies Theorem [1] Indeed, since dimHFK*(y, i^, —g{K)) = 1 if and only if is a 
fibered knot [HI HSj, we obtain a stronger lower bound on dimHF(y(ii'i, K2)) if either Ki or 
K2 is non-fibered. 

Our basic tool for proving Theorem [1] is bordered Floer homology [12], which can be used 
to compute the Heegaard Floer homology of a closed 3-manifold obtained by gluing two 
pieces along a common boundary as the homology of the derived tensor product of algebraic 
invariants associated to the pieces. We review some of the basics of this theory in Section [2j 
In the present setting, we have 

HF(r(i^i, K2)) = H,(CFA{Xk,) K CFB{Xk,)), 

where CFA{Xki) and CFD(X/^2) are the bordered invariants of X^i and Xk2 with suitable 
boundary parameterizations. Lipshitz, Ozsvath, and Thurston give a formula describing 
CFD of the complement of a knot in an L-space homology sphere in terms of the knot Floer 
complex of the knot [12], and a simple algorithm (given below as Theorem 12. 2p yields a 
similar description of CFA. Using an Alexander grading on the bordered invariants, we can 
identify subspaces of CFA(Xii-J and CFD(X/^2) that are isomorphic to the corresponding 
knot Floer homology groups in extremal Alexander grading and whose algebraic structure 
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can be understood quite explicitly. These subspaces combine in the tensor product to produce 
the subgroup of }iF{Y{Ki, K2)) described above. 

In a sequence of papers, Eftekhary [31 [H HI |2] proposes a proof of Conjecture El The 
main theorem of [3] provides a chain complex that ostensibly computes HF(y(i^i, K2)), and 
which plays a central role in the subsequent papers. We have observed that when Ki and K2 
are both the right-handed trefoil in S^, the homology of Eftekhary's complex has rank 13. 
However, a computation using bordered Floer homology, given in Section IH shows that the 
rank of }lF{Y{Ki, K2)) is only 7. Our calculation agrees with an independent calculation 
provided by results of [7]. In particular, results of [7] allow for an easy computation of the 
Floer homology of +1 surgery on the untwisted Whitehead double of the right-handed trefoil, 
using a surgery formula from [16]. This latter manifold, however, can be identified as the 
splice of two right-handed trefoil complements. 

Acknowledgments. The authors are grateful to Robert Lipshitz, Peter Ozsvath, and Dylan 
Thurston for many helpful conversations. 

2. Bordered Heegaard Floer homology 

We begin by reviewing a few basic definitions and facts regarding bordered Heegaard Floer 
homology [12] , focusing on the case of manifolds with torus boundary. Some of this material 
is adapted from the second author's exposition in [lOl Section 2]. 

2.1. Algebraic preliminaries. In this section, we recall the key algebraic structures that 
occur in bordered Floer homology, known as AoQ-modules and type D structures. While these 
objects can be defined in general over an underlying ^oo^algebra A, the relevant algebra for 
our purposes is merely differential graded, so it will be convenient to give the definitions in 
this simplified setting. 

Let {A,d) be a unital differential algebra over F = 'L/2'L, and assume that the set X of 
idempotents in ^ is a commutative subring of A and possesses a basis {ci} over F such 
that LiLj = SijLi and Yli^i ~ identity element of A. A (right) Aoo-module or (right) 

type A module over ^ is a vector space M equipped with a right action of X such that 
M = Mil © ... © Min as a vector space, and multiplication maps 

mfc+i : M^xA^x---^xA^ M 

^ V ' 

k times 

satisfying the relations: for any x E M and ai, . . . , a„ G ^, 

n 

= ^m„_j+i(mi+i(x © ai © ■ ■ ■ © Cj) © a^+i © ■ ■ ■ © a„) 

1=0 
n 

(1) + ^m„+i(x © ai © ■ ■ ■ © flj-i © d{ai) © a^+i © ■ ■ ■ © a„) 

i=l 
n—1 

+ ^ m„(a; © ai © ■ ■ ■ © aj_i © aitti+i © 0^+2 © ■ ■ ■ © a„). 
1=1 

We also require that m2{x © 1) = x and mk{x ©■■■©I©---) = for k > 2. We say that 
M is bounded if = for all k sufficiently large. 
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A (left) type D structure over A is an F- vector space N, equipped with a left action of X 
such that N = LqN © tiN, and a map 

6i: N ^ A®xN 

satisfying the relation 

(2) {jj O idAr) o (id^ o 5i + (d o idiv) o 5i = 0, 

where /i : ^ (g> ^ — ^ denotes the multiplication on A. If is a type D module, the tensor 
product A ®x N is naturally a left differential module over A, with module structure given 
hj a ■ {b ^ x) = fi{ab) ® x, and differential d{a ^ x) = a ■ 6i{x) + d{a) ® x. Condition ([2]) 
translates to = 0. We inductively define maps 

6k: N ^ A^i---®xA0iN 

' V ' 

fctimes 

by So = id-N and Sk = (id_4®fc-i <S)Si) oSk~i- We say is bounded if 5^ = for all k sufficiently 
large. 

If M is a type A module and A^ is a type D module, the ^oo^tensor product M ® N [T2| 
Definition 2.12] is a chain complex whose chain homotopy type depends only on the chain 
homotopy types of M and A^ (using suitable notions of chain homotopy equivalence for type 
A and D modules). 

We say that the pair (M, A^) is relatively bounded if there exists a constant K such that 
for all X G M and y & N and all k > K, 

(3) (mfe+i(8)id7v)(x(8)5fe(?/)) = 0. 

For instance, this will be true if either M or A^ is bounded. If (M, A^) is relatively bounded, 
the box tensor product M ^ N is the vector space M ®x N, equipped with the differential 

oo 

d^{x (S)y) = ^(mfc+i (g) id7v)(x (g) 6kiy)). 

k=0 

This is a finite sum by ([3]), and ([1]) and ([2]) imply that o = 0. Lipshitz, Oszvath, 
and Thurston [T2l Proposition 2.34] show that when M or A^ is bounded, M Kl A^ is chain 
homotopy equivalent to M ® A^, and it is not hard to see that their proof extends to the 
case where the pair (M, A^) is relatively bounded. 

In addition to type A modules and D structures over A, we can also talk about bimodules 
(or trimodules, et cetera). These come in several flavors, known as type AA, AD, DA, 
DD. For instance, for differential graded algebras A and B a left-left type DD bimodule 
over [A, B) is simply a left type D module over A® B; the other types are slightly more 
complicated. The tensor products of bimodules behave as expected: for instance, given 
a right type A module M over A and a type DD bimodule A^ over {A, B), M 0^ A^ is a 
type D module over B. The box tensor product M may be used in place of ® under suitable 
conditions. See [TTl Section 2] for the complete definitions. 

2.2. Invariants of bordered manifolds. We will focus solely on the case of torus bound- 
ary. We consider = 5^ x 5^, oriented by choosing the same orientation on both factors 
and taking the product orientation. 
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The torus algebra A = ^(T^) is freely generated as a vector space over F by mutually 
orthogonal idempotents lq and Li and additional elements pi, p2, Ps, pi2, P23, and P123, with 
the following nonzero multiplications: 

'-oPi = Pi '•I = Pi ''1P2 = P2'-o = P2 '-oPa = Ps'-i = P3 

<'0Pl2 = Pl2'-0 = P12 '■1P23 = P23'-l = P23 '■0P123 = Pl23'-1 = Pl23 
P1P2 = P12 P2P3 = P23 P12P3 = P1P23 = P123 

(All other multiplications among the generators zero.) The multiplicative identity in A is 

1 = Lq + ii- The differential on A is defined to be zero; note that this eliminates the second 
sum in ([1]) and the third term in ([2]). 

A bordered manifold (with torus boundary) is an oriented 3-manifold Y along with a diffeo- 
morphism 0: — dY, which we consider up to isotopy fixing a neighborhood of a point. 
We call {Y, 0) type A if is orientation-preserving and type D if is orientation-reversing. 
Lipshitz, Ozsvath, and Thurston associate to a type A bordered manifold (Yi,0i) a type A 

module CFA(Yi,0i) over A, and to a type--D bordered manifold (l2,02) a type--D module 
CFD(y2; 02) over A. (The maps 0i and 02 are often suppressed from the notation if they 
are understood from the context.) Up to the appropriate notion of chain homotopy equiva- 
lence, each of these modules is a diffeomorphism invariant of the manifold with parametrized 
boundary. These invariants are defined in terms of counts of pseudo-holomorphic curves in 
S X [0, 1] X M, where S is a bordered Heegaard diagram; we shall say nothing more about 
the definition. The pairing theorem states that the Heegaard Floer homology of the closed, 
oriented 3-manifold gotten by gluing Yi to Y2 along their boundaries via the diffeomorphism 

02 o 0^-^ is determined by the bordered invariants of Yi and Y2: 

HF(Fi U^^„^-i Y2) = H,(CFA{Yi, 0i) ® CFD(F2, 02))- 

There are also various bimodules associated to manifolds with two boundary components, 
denoted CFAA, CFAD, CFDA, and CFDD according to whether the parameterizations of 
the boundary components are orientation-preserving or orientation-reversing, and similar 
gluing theorems apply. See [121 E] for further details. 

Lipshitz, Ozsvath, and Thurston provide a convenient notation for type D modules over 
AiT"^) [T2I Section 11.1]. For any finite sequence of integers /, let first (/) and last(/) denote 
the first and last elements of J, respectively. A finite sequence / is called alternating if its 
entries alternate in parity. If Ji, . . . , 7^ are finite sequences of integers, let I\ - ■ ■ Ik denote 
their concatenation. Let denote the set of nonempty, strictly increasing sequences of 
consecutive integers in {1, 2, 3}, and let = £HU {0}. Thus, the non-idempotent generators 
of A{T'^) correspond to elements of £H; for convenience, we define p0 = 1. 

Let 1/ = V° © 1/^ be a Z/2-graded vector space over F = Z/2Z. A collection of coefficient 
maps consists of a linear map D = Dili-. V taking to and to , and, for each 
/ = (zi, . . . ,z„) e 91, a linear map Dr- V'^^"^' K'""' (where for i e Z, [i] e {0, 1} denotes 
the mod-2 reduction of i), satisfying the condition that for each / G 91', 

(4) YI °Dj = 0, 

j,K£<n'\jK=i 

where the sum is taken over all pairs of elements in 91' whose concatenation is /. In other 
words, is a differential; Di, D2, and D3 are chain maps; D12 and D23 are nuUhomotopies 
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of D2 o Di and D3 o Dg, respectively; and -D123 is a homotopy between D23 o Di and o D12. 
For convenience, we may trivially extend each Dj over all of (B . A collection of 
coefficient maps determines a type D structure on V: define multiplication by lq and li by 
projection onto and respectively, and for each v & V, define 

lew 

The higher maps Sk are then given by compositions of the maps Dj: 

Furthermore, any type D structure over A can be obtained in this manner [121 Lemma 11.5]. 
We say that (V, {-D/}) is reduced if = 0, in which case the relations in (jlj) simplify to: 

(5) D2oDi = DsoD2 = DsoDi2 = D230D,. 

It is not hard to see that any type D structure is homotopy equivalent to a reduced one. See 
[TUI Section 2.6] for more details. 

Finally, if M is a type A module and the pair (M, V) is relatively bounded, then the 
differential on the box tensor product M is given explicitly by 

Iu...,Ir&^ 

for each a; G M and y E V. (The sum includes an r = term, where the composition of zero 
coefficient maps is the identity on V.) 

2.3. Computing CFA from CFD. Let r: — )■ be the orientation-reversing involution 
that interchanges the two coordinates of x S^. This involution gives a one-to-one corre- 
spondence between type A and type D bordered manifolds, given by {Y, (p) ^ (F, 0or). The 
bordered invariants of (F, (p) and (F, o r) are related by taking tensor products with the 

appropriate identity bimodules, CFAA(I) and CFDI)(I). Here I denotes the manifold x I, 
with boundary parametrized appropriately. If {Y, 0) is a type A bordered 3-manifold, [HI 
Corollary 1.1] says that 

(6) CFD(F,0or) ~ CFA(F,0)®CFl5b(^ and CFA(F, 0) ^ CFAA(I) ® CFl5(F^ 

Here, we view CFAA(I) as a right-right AA bimodule and CFDD(I) as a left-left DD bimod- 
ule, each over two copies of Thus, if a parametrization (either orientation-preserving 

or orientation-reversing) is understood from context, we will simply speak of CFA(y) and 

""^Our perspective here is slightly different from that of Lipshitz, Ozsvath, and Thurston, who use two 
distinct algebras associated to and -T^, denoted A{T'^) and A{-T'^), where A^-T'^) = ^(T^)"?. If 
(y, ^) is a type A bordered manifold (in the sense used above), then one can define CFD(Y,0) as a type 
D structure over Ai-T"^), and one views CEAA(I) and CFi5d(I) as (^^(T^), ^(-T2))-bimodules. To see 
how ^ follows from [TTl Corollary 1.1], note that the map r (which can be realized as the symmetry of the 
pointed matched circle associated to the torus) induces an isomorphism between A{T'^) and A{—T'^), which 
gives the identification between CFD(Y, 0) (as a type D module over A{—T'^)) and CFD(y, (par) (as a type 
D module over A{T'^)). We find it conceptually simpler to work with a single algebra, at the cost of being 
more explicit about the role of r. 
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CFD(y). Note that the two halves of (E]) are equivalent statements, since by [T3l The- 
orem 2.3] the operations of tensoring with CFAA(I) and CFDD(I) are inverses up to ho- 
motopy equivalence. That is, if M is a type A module and is a type D module, then 
M ~ CEAA(J) ® if and only if M ® CFI5d(I) ^ A^. 

We now describe an algorithm for computing CFA(y) from CFD(y), based on an idea 
described to us by Peter Ozsvath. The basic idea is as follows. We begin by taking a 
basis for CFD(y) as a basis for CFA(y). The non-zero multiplications on CFA(y) are 
then in bijection with non-zero compositions of the coefficient maps for CFD(y). So if 
w = Dj^. o Dj^ o ■ ■ ■ o Dj^iv) then w = mk+i{v (S) p/^ ® ■ ■ ■ p^), where the relationship 
between ( Ji, . . . , Jr) and (Ji, . . . , Ik) is determined by the procedure: 

(1) Replace all occurrences of 1 in the string Ji ■ ■ ■ with 3, and vice-versa. 

(2) Write the resulting string / (uniquely) as a concatenation / = /i ■ ■ ■ of increasing 
words li satisfying last(/j) > first (Jj+i) for alH = 1, . . . , — 1. 

For example, suppose in CFD(F) we have o D23 o Di23{v) = w. We first take the string 
1232323 and replace it with 3212121, which we then parse as 3, 2, 12, 12, 1. This tells us that 
in CFA(F) we have a multiplication niQ^v ® ps p2 ® P12 ® P12 ® Pi) = w. (See Section|4]for 
an example of this procedure applied to CFD of the trefoil complement.) 

To be more precise, let & denote the set of strictly decreasing, nonempty sequences of 
consecutive elements of {1, 2, 3}j^ and let 0: 6 — )■ £H denote the bijection defined by inter- 
changing the roles of 1 and 3: 



Strong induction on length shows that for any alternating sequence I of elements of {1, 2, 3}, 
there is a unique decomposition I = Ji ■ ■ ■ J, such that Ji, . . . , J, G & and for each i = 
1, . . . , j — 1, last(Jj) < first(Jj+i). In this case, we define \l/(/) = (Ji, . . . , Jj)- The following 
lemma is an immediate consequence of the definition of 

Lemma 2.1. Let I and I' be alternating sequences whose concatenation II' is alternating. 
Suppose that ^(I) = (J^, . . . , Jj) and $(/') = (i^i, . . . , Kk). Then 



The algorithm is given by the following theorem: 

Theorem 2.2. Let {V, 61) be a reduced type-D module over A, seen as a finite- dimensional 
vector space V = V'^ Q) V^, with coefficient maps Di, Z?2, -D3, -D12, -D23, -D123 satisfying ([5]). 
For k >0, define maps 



as follows. Set rrii = 0. For k > 1 and any Ji, . . . , G 9i whose concatenation Ji ■ ■ ■ 7^ is 
alternating and for which last(/j) > first(/i+i) for all i = 1, . . . , k — 1, write "^{Ii ■ ■ ■ Ik) = 



'We shall write elements of *H and & as strings of digits, without parentheses or commas. 



0(1) =3 0(2) = 2 0(3) = 1 
0(21) = 23 0(32) = 12 0(321) = 123. 




,Jj,Ki,...,Kk) if last (/)< first (/') 

, J,_i, J,K^, K2,..., Kk) if last(/) > first(/'). 
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(Ji, . . . , Jj) and define 

mk+i{v ® ® ■ ■ ■ ® p/J = o ■ ■ ■ o D^(^j^)){v) 

for all V E V. For any other Ii, . . . ,Ik, define 

nik+iiv (g) ■ ■ ■ (g) p/J = 0. 

Then the maps rrik satisfy the Aoo relations. Furthermore, we have 

~ (V,{mfc}) KCFl5b(I) and (V, {mfc}) ~ CFAA(I) K (V, 

Proof of Theorem \2.S[ To see that the maps satisfy the relations, we must show that 
for any Ji, . . . , G 9i and any v E V, 

k-l 

(7) ^mfc_i+i(mi+i(t; (gp/^ (g) ■ ■ ■ Op/J (g Pj^^^ (g ■ ■ ■ (gp/J + 

i=l 

k~l 

mk-i{v ® p/i ® ■ ■ ■ ® pi^_, ® PuPu+, ® p/,+2 ® ■ ■ ■ ® P/J = 0. 

j=i 

We may assume that Ii ... Ik is alternating, since otherwise all the terms in (I7l) would vanish 
because the tensor products are taken over the ring of idempotents. Indeed, if we had a term 
such as pi (g p3 we could write it as pi^i ® Pa = pi ® ^iPs = pi ® 0, with similar expressions 
for any other non-alternating occurrence. 

If last(/j) < first (Jj_|_i), then for any ^' 7^ ^, the i'^^ terms of both sums in ([7]) must both 
vanish by definition. Thus, we may assume that there is at most one value of i for which 
last(/i) < first(/i+i). For this i, if it exists. Lemma [2.11 implies that if 

^{h---I,) = iL\,...,Ll), ^{h+^---h) = iMl,...,M'^J, 8.nd^ih---h) = {Ji,...,Jj), 
then ii + nii = j and 

(Ll,...,L^^,Mi,...,M^J = (Ji,...,J,). 
Thus the i^^ term of the first sum in ([7]) equals 

(8) (Z}^(j^)0...oD^(,^))(t;). 

Since pi^pii^^ = Puh+i, the i^^ term of the second sum in ([7j) equals ([8]) as well. Thus, the 
^th i^grj^s of the two sums in ([7]) cancel each other, and all other terms in both sums vanish. 

Thus, we may assume that for alH = 1, . . . , A; — 1, we have last(/j) > first (/j+i). Since 
PhPii+i = 0, the entire second sum in ([7]) vanishes. Suppose that \E'(/i ■ ■ ■ Ik) = {Ji, ■ ■ ■ , Jj)- 
For each i = 1, . . . , k — 1, suppose that \E'(/i . . . Ii) = {L\, . . . ,L\) and ■ ■ ■ Ik) = 

{Ml, . . . , M^.). Thus, the first sum in ([7j) equals 

k-l 
i=l 

Furthermore, Lemma [2.11 implies that ii + rrii + 1 = j and 

( Ji, . . . , J,) = (LI, . . . , Ll_,, L\Ml Ml,..., Mi;). 
In particular, the concatenation L\,Ml equals either 21, 32, or 321. 
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If = 3 and M{ = 2, then ° D^n^ ) = o = by (jS]), and therefore the 

term of dH]) vanishes. The same argument holds when L^. = 2 and Ml = 1 using the fact 
that D3oD2 = 0. 

If L^, = 32 and M{ = 1, the concatenation Ji ■ ■ ■ Jj ends in 32, and we must have i > 1, 
last(/j_i) = 3, Jj = 2, and first(/i+i) = 1. Therefore, 

^{h---h^^) = {L\,...,Ll_„3) and vl/(/^ . . . 4) = (21, M^, . . . , M^^J. 

The sum of the {i — and z**^ terms of ([9]) then equals 

X1(^<^(A^^,) ° ■ ■ ■ ° ° (^3 O ^12 + ^23 O ^1) O ^<^(LJ^_J ° " " " ° ^./-(LJ)) (^) ' 

i=l 

which vanishes by ([5]). 

If L^, = 3 and M*^ = 21, a similar argument shows that the z*^ and (z + 1)*^ terms of ([9]) 
cancel. This completes the proof of ([7]). Thus, the maps m^. satisfy the v4oo relations. 

For the second part of the theorem, as noted in the discussion following ([6]), it suffices to 
show that 

(y,50^(^,{rnfc})KCFDD(I). 

According to [HI Proposition 10.1], the left-left DD bimodule CFDD(I) has generators q, 
with idempotent action given by 

('•0 ® '•0) ■ P = P and {Li^ii)-q = q 
and structure map given by 

^i(p) = (Pi ® P3 + P3 ®Pi +P123 ®Pi23) ® g and = p2 ® P2 ® P- 

Thus, {V, {m^}) K1CFDD(/) is isomorphic to \^ as a vector space. According to the definition 
of the box tensor product of a type A module and a type DD bimodule, for v e we have: 

Si{v(^p) = (pi (g) m2{v,p-i) + p3 ® m2{v,pi) + pus ® ("^2(f,Pi23) + "^4(f,P3,P2,Pi))) ® q 
+ Pi2®ni3iv,ps,p2) ®p 

= (pi (g) Diiv) + P3 ® /^3(^^) + P123 ® (^3 O ^2 O + ^123(^^))) ® q 

+ P12 ® -Dl2(f ) ® P 
= (pi (g) + P3 ® L'3(f ) + P123 ® Di23{v)) (g) g + P12 ® Di2{v) (g) p, 

where the final line follows from the fact that D20 Di = D^o D2 = 0. Likewise, for w & V^, 

6i{w ®q)=p2® rn2{w,p2) (g)p + P23 ® f^ziw , p2, Pi) ® q 
= P2® D2{w) (g) J9 + P23 ® D23{w) (g) q. 



Thus, the differential on {V, {ruk}) Kl CFDD(J) is equal to the original differential on V. □ 
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2.4. Bordered invariants of knot complements. If is a knot in a liomology spiiere 
Y, and denotes tlie exterior of K, let (px'- T"^ dX^ be tlie orientation-reversing 
parametrization taking x {pt} to a 0-framed longitude of K and {pt} x S*^ to a meridian of 

K. When Y is an L-space, Lipshitz, Ozsvath, and Thurston give a formula for CFD{Xk, (j)^) 
in terms of the knot Floer complex of {Y, K), which we now describe (adding a few details). 

We begin by reviewing some facts about knot Floer homology, as defined in [T6| [26] . Let 
C~ = CFK~ {Y,K) denote the knot Floer complex of K, a finitely generated free chain 
complex over ¥[U] with a bounded-above filtration 

■ ■ ■ C J", C J^i+i C ■ ■ ■ C C" 

such that U ■ G for all i. The filtered chain homotopy type of this complex is an 
invariant of the knot. 

For any nonzero x G C", let Ai^x) = min{i | x G J-^}; we call this the filtration level 
or Alexander grading of x. Multiplication by U decreases the Alexander grading by one: 
A{U ■ x) = A{x) — 1. By convention, A{0) = — oo. We may assume that C~ is reduced, in 
the sense that for any x G C~, dx = U ■ y + z, where A{z) < A{x). The manner by which 
knot Floer homology detects the genus [211 Theorem 1.2] implies J^g(K)-i S -^giK) = C~ , 
F-g{^K)-i C f/C~, and T-gi^K) ^ UC~ . We assume that rank]f[;7] C~ = 2r2 + 1. 

Let C°° = C~ ®T^\u]¥[U, f/~^], and extend the filtration to C°° accordingly. If {xq, . . . , X2n\ 
is a basis for over F[f/], then {Wxk | A; = 0, . . . , 2n, z G Z} is a basis for C°° over F. We 
may picture these basis elements living on the integer lattice in M^, with the element U'^xe 
at the point {—k,A{xi) — k). We refer to the coordinates in the plane as i and j, and we 
identify C~ with the subcomplex C{i < 0} G C°° generated by the basis elements at lattice 
points with i < 0. The complexes C{? < s} (s G Z) provide a second filtration on C~ and 
C°°. 

Let C = C~/UC", and let 9^ denote the induced differential. Let = J^o(C°°)/J'-i(C°°), 
and let denote the induced differential. We refer to {C^, d'") and {C^, d'^) as the vertical 
and horizontal complexes, respectively. 

The associated graded object of C~ (with respect to the original filtration) is the free 
F[?7]-module 

with the induced multiplication by U. Note that the direct sum is as an F-vector space, and 
not as an F[[/]-module since multiplication by U decreases the filtration by one. For x G C~ , 
let [x] G gr(C~) denote the image of x in J^a(x)/ J^A(x)-i- Note that [Ux] = U[x]. A basis 
{xo, . . . ,X2n} for C~ is called a filtered basis if {[xq], ■ ■ ■ , [x2n]} is a basis for gr(C~) over 
¥[U]. Any two filtered bases {xq, ■ ■ ■ , X2n} and {x'q, . . . , x^n} are related by a filtered change 
of basis: if Xi = JZj^^ij^'j x'^ = ^jhjXj, where aij,bij G ¥[U], then A{aijx'j) < A{xi) 
and A{bijXj) < A{x'j) for all i,j. In particular, if a^j ^ (mod UC~), then A{x'j) < A{xi), 
and similarly for bij. 

A key tool for our main theorem is a formula which expresses CFD{Xk) in terms of 
CFK~ [Y, K) . The most useful way to express this formula is by picking a basis for CFK~ {Y, K) 

and describing CFD(X7f ) in terms of this basis. To do this it will be useful to have particu- 
larly nice bases for CFK~, whose definitions we now recall. 
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Definition 2.3. A filtered basis {.^o; • • • j^2n} for C over ¥[U] is called vertically simplified 
if, for j = 1, . . . , n, 

A{^2j-i) - A{^2j) = k, > and 96,-1=6, (mod f/C-), 

while for p = 0,1, . . . ,n, we have c?6p ^ C~. We say that there is a vertical arrow of length 
kj from 6i-i and that 6 is the generator of vertical homology. 

The name is motivated by the fact that in a vertically simplified basis the differential on 
the vertical complex [C^, d"") is particularly simple; indeed, in a vertically simplified basis d'" 
can be represented by a collection of vertical arrows which pair up the even and odd basis 
elements, and where 6 has no incoming or outgoing arrows. Similarly, for the horizontal 
complex we have 

Definition 2.4. A filtered basis {?7o, . . . ,?72n} for C~ over F[f/] is called horizontally simpli- 
fied if, for j = 1, . . . , n, 

A{ri2j) - A{ri2j^i) = > and dri2j-i = U^'mj (mod J^Aim.-i)-!), 

while for p = 0, 1, . . . , n, we have A{d'r]2p) < A{'r]2p). We say that there is a horizontal arrow 
of length ij from ?72j-i to 772, and that r]o is the generator of horizontal homology. 

Lipshitz, Ozsvath, and Thurston showed that C~ always admits both horizontal and verti- 
cally simplified bases [T^ Proposition 11.52]. Furthermore, for any vertically simplified basis 
{6; • • • ) ^2n} and horizontally simplified basis {?7o, . . . , ri2n}, the unordered tuples {ki, . . . , /c„} 
and {£1, . . . ,in} are equal; this follows from the symmetry of knot Floer homology under 
reversing the knot orientation [T9l Section 3.5]. 

Two particularly useful derivatives of the filtered chain homotopy type of C°° can be 
expressed easily in terms of a vertical or horizontally simplified basis. The first is the Ozsvath- 
Szabo concordance invariant [201 [26]. Denoted t{K), this invariant is a homomorphism from 
the smooth concordance group to the integers which bounds the smooth 4-genus |T(-ft')| < 
g4{K). In terms of a vertically simplified basis, we have 

t{k) = A(6), 

while in terms a horizontally simplified basis we have 

r{K) = -Aivo). 

The latter equality again follows from the orientation reversal symmetry. 

The second invariant we derive from C°° is Hom's invariant e{K) G {—1,0,1}, which 
captures when the four- dimensional cobordisms obtained by attaching two-handles to Y 
along K induce nontrivial maps on Floer homology in certain Spin'^-structures [HI Definition 
3.1]. This invariant can also be expressed in terms of vertically and horizontally simplified 
bases. Let [770] denote the image of 770 in the vertical complex C". Also, viewing 6 as an 
element of C°°, the chain = f/^'^^o^^ is in J^o, so we may consider its image [.^q] in the 
horizontal complex C^. Then: 

• If e{K) = -1, then 9''[r/o] ^ and 9'^[^^] ^ 0. 

• If €{K) = 0, then [770] G kerd^ \ imd^ and [^q] E keid^ \ imd^. 

• If e{K) = 1, then [r]o] G imd" and [^^] G imd''. 

The following proposition tells us that the change of basis passing between horizontally 
and vertically simphfied bases can be assumed to be relatively well-behaved. 
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Proposition 2.5. There exist filtered bases {C,o, ■ ■ ■ , ^2n} o-nd {r/o? • • • ? 12-0} for C~ over¥\U] 
with the following properties: 

(1) {^0; • • • ;^2n} is a Vertically simplified basis. 

(2) {?7o, • • • ,'U2n} is a horizontally simplified basis. 

(3) Ife{K) = -I, then ^o = Vi- U <K) = 0, then Co = Vo- U e{K) = I, then Co = V2- 

(4) If 

2n 2n 

^p = ^ ap^gijg and ?7p = ^ &p,g^g, 

q=0 q=0 

where ap^q,bp^q G F[f/], then Qp^q = whenever A{C,p) 7^ A^ap^qrjq), and bp^q = 
whenever A{r]p) ^ A{bp^qC,q). In other words, each C,p is an ¥[U]-linear combination 
of the elements rjg that are the same filtration level as ^p, and vice versa. 

Proof. According to Horn [HJ Lemmas 3.2, 3.3], we may find vertically and horizontally 
simplified bases {^o, • • • ,^2n} and {rj^, . . . ,r]'2n} satisfying ([3]) (with rji replaced by rj'j). We 
shall modify the latter basis to produce a new basis {?7o, . . . ,772™} satisfying the conclusions 
of the proposition. 

As above, any two filtered bases are related by a filtered change of bases, so let 

2n 2n 
q=0 q=0 

be filtered change of bases. That is, for all p,q E {0, . . . , 2n}, we have 

A{a'pJq)<A{Q and ^(6;^^,) < A(r/;). 

Let 

^f&;,, a Aib'^Jq) = Aiv'p) 
^'^ \0 if Aibp,qQ<A{ip), 

and define 

2n 

q=0 

Note that A{rip) = A{rip), while A{Ap) < A{rip). The change-of-basis matrix (6p,g) is in 
block-diagonal form (after reordering rows and columns according to filtration level), so its 
inverse is as well. Thus the bases {.^o, • • • , (,2n} and {770, . . . , ?72n} satisfy (jlj). Furthermore, if 
i G {0, 1, 2} is the index for which ^0 = Vi^ then rji = rj[ by construction, so ([3]) also holds. 

It remains to show that the basis {?7o, . . . ,ri2n} is horizontally simplified. For any j = 
1, . . . , n, we have: 

dr]2j-i = dr]2j^i - dA2j-i 

= dv'2j-l (mod J^A{r,',^^,)-l) 

= U^'V2j (mod J^A(v'^^_,)-i) 
= U^^r]2j (mod J^Afe^-O-i), 
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where the last hne follows from the fact that 

A{U'^A,,) = A{A,,) - < A{v',^) - = A{v',^^,) = A(r/2,_i). 

Likewise, for j = 0, 1, . . . , n, we have 

dr]2j = dri2j + dA2j G TA{r,'^^)~u 

as required. □ 

For the remainder of this section, choose vertically and horizontally simplified bases 
{^0L|--)^2n} and {riQ, . . . ,fi2n} for CFK~(Y,K) satisfying the conclusions of Proposition 
l^3]n Assume that 

2n 2n 

4 = XI ^P''?^^ and fjp = ^ KqU^ 

where dp^g,bpg G F[?7], and let a^^g = dp^g\u=o and bp^g = bp^g\u=o. According to Lipshitz, 

Ozsvath, and Thurston |T2l Theorem 11.27 and Theorem A. 11], CFD{Xk, (px) is completely 
determined by the lengths of the arrows (i.e., kj and ij), t{K), and the change-of-basis 
matrix {ap,q), as follows. 

Theorem 2.6. With notation as above, CFD(Xk) satisfies the following properties: 

• The summand LoCFD{Xk) has dimension 2n + l, with designated bases {^q, . . . , ^2n} 
and {?7o, . . . , r]2n} related by 

2n 2n 

^p = ^ ap^gT]g and = ^ bp^g^g. 

q=0 q=0 

• The summand liCFD(Xk) has dimension Yl^=ii^j + + where t = 2 \t(K)\, with 
basis 

n n 

4^} U |J{Ai, . . . , A(,} U {flu fit}. 
i=i i=i 

• For j = 1,. . . ,n, corresponding to the vertical arrow ^2j-i — ^ ^2j of length kj, there 
are coefficient maps 

(10) ^2j — y M — y y 4, ^ 

• For j = 1, . . . ,n, corresponding to the horizontal arrow rf2j-i V2j of length Ij, there 
are coefficient maps 

D3 ,j D23, £'23, \ 7 D2^ 

(11) V2j^i — ^ Al — y ^ — ^ V2j, 

• Depending on t{K), there are additional coefficient maps 

^70 — y /ii — y ■ ■ ■ — y i^t < — 4o t{K) > 

(12) {^o^Vo r{K) = 

^o^^^l^■■■^^^t^Vo r{K)<0. 



■^We use tildes for the generators of CFK (Y, K) in order to distinguish them from the corresponding 
elements of CFD(X/f). 
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We refer to the subspaces of CFD{Xx) spanned by the generators in 
the vertical chains, horizontal chains, and unstable chain, respectively 



, (HI]), and ([HD as 



As described in [T21 Lemma 11.40], CFD(Xk) admits a grading by half-integers, taking 
integer values on loCFD{Xk) and non-integer values on liCFD{Xk)'- 

(13) LoCFD{Xk) = ^GFI){Xk,s) and 6iCFD(X^) = CFD(X;^, s). 

We refer to this grading as the Alexander grading. This is justified since there are canonical 
identifications : 

6oCFD(Xx) = HFK(ir) and iiCFD(Xx) = HFL(i^'), 
where the latter invariant is the longitude Floer homology [5]. Under these identifications the 
grading on the summands of CFD(Xx) agrees with the Alexander gradings on each of these 
groups. Proposition 12.51 implies that the Alexander gradings (in CFD(X;^)) of ^o, . . . , ^2n and 
^0, • • • J V^n are equal to the filtration levels (in CFK~(y, K)) of ^o, • • • , ^2n and fjo, . . . , fj2n, 
respectively, and that the change of basis is homogeneous. We denote the grading of a 
homogeneous element x by A(x), and for each s G let vr^ : CFD(Xx) -> CFD(Xi^, s) be 

the projection map coming from (fT3|l . The Alexander grading on CFD(Xj^) will eventually 
enable us to isolate certain pieces of the chain complex for a spliced manifold. As seen in 
[12], the coefficient maps on CFD(Xi^) are all homogeneous with respect to A, with the 
following degrees: 



Coefficient map 




D2 




Dl2 


D2Z 


-Dl23 


A-degree 


1 

2 


1 

2 


1 

2 





1 


1 
2 



Note that CFF){Xk) need not be bounded; for instance, if K is the unknot, then CFD(Xa') 
has a single generator ^, with 5i{^) = pu ® ^, and therefore Sk{^) = pi2 ® ■ ■ ■ ® P12 ® ^ for 
all k>l. 

3. Splicing knot complements 

For any knots Ki C Yi and K2 GY2, note that the composition 

(j)K2°ro : OXk, OXk^ 

is orientation-reversing and takes a 0-framed longitude of Ki to a meridian of K2 and a 
meridian of Ki to a 0-framed longitude of K2- The manifold gotten by gluing X^^ and Xk2 
via 0ii:2 o r o is thus precisely Y{Ki^K2)^ as defined in the introduction. Therefore, we 
have 

WF{Y{K^, K2)) = H,(C^{Xk,Ak, o r) ® CFD(X^„ ct>K,)). 
Our strategy will be to describe, for any knot K in an L-space homology sphere F, the 
behavior of those elements of CFD(Xi^) which come from the part of knot Floer homology 
in lowest Alexander grading, HFK(y, K., —g{K)). We will then use Theorem 12.21 to describe 



^Note that our notation differs slightly from that of [T2] : the generators k{, . . . ,k 
reverse order, as are /xi, . . . , /x* in the case where t{K) > 0. 



are indexed in the 
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the corresponding elements of CFA{Xk, (pK ° The tensor products of these elements will 
give rise to the homology classes needed for Theorem [H 

First, we show that we may work with the box tensor product. 

Proposition 3.1. If Ki and K2 are knots in L-space homology spheres, then the pair 
(CFA(Xi^J, CFD(X/^2)) relatively bounded. 
This follows from a more technical lemma: 

Lemma 3.2. Let K be a knot with genus g in an L-space homology sphere Y , and consider 
CFD{Xk,4>k) o,s described by Theorem \2. (j\ and CFA(Xi^,0i^ or) as obtained by applying 
Theorem \2.^ to CFD{XK,(f)K)- Then there is a constant N{K) such that 

(1) If Ii, . . . , Lr G 9^ are such that Dj^ o ■ ■ ■ o Di^ 7^ 0, then at most N{K) of the tuples 
Ii, . . . ,Ir are not equal to 12. 

(2) // Ji, . . . , Ir G are such that m,.+i(- ® p/^ ■ ■ ■ ® pi^) 7^ 0, then at most N{K) of 
the tuples Ii, . . . ,Ir are not equal to 23. 

Proof. For the first statement, note for any I ^ Dl, Dj o Di = 0, which implies that 7^ 1 
for each i < r. Therefore, the maps Dj^, . . . , Dj^ -^ do not decrease the Alexander grading; 
if Ii 7^ 12, then Dj^ increases the Alexander grading by at least |. Since the Alexander 

gradings of all elements of CFD{Xk) are between —g and g, all but at most Ag of the tuples 
Ji, . . . , Ir-i must therefore be equal to 12. 

For the second statement, if ■ ■ ■ Ir) = {Ji, • • • , Js), then the first part of the lemma 
implies that at most % + 1 of the tuples </>( Ji), . . . , (j){Js) are not equal to 12, so at most 
4(yf + 1 of the tuples Ji, . . . , Jg are not equal to 32. Thus, at most ig + 1 of the digits in the 
concatenation Ji ■ ■ ■ Ir are I's, so at most 4(7 + 1 of the tuples /i, . . . , are equal to 1, 12, 
or 123. Furthermore, since we require that last(/j) > first(/j+i) for each i = 1, ... ,r — 1, 
Jj = 2 only if 2 = r or first(/j+i) = 1, so at most Ag + 2 of Ii, . . . , Ir can equal 2. Likewise, 
only Ji can be 3. In total, all but at most 8g + A of Ji, . . . ,7^ are not 23, so we define 
N{K) = 8g + 4:. □ 

Proof of Proposition IJ.il By Lemma if r > 2 max(A^(i^i), N{K2)), then for any Ji, . . . , G 
^H, at least one of the maps 

mr+i{- ® p/, ® ■ ■ ■ ® p/J : CFA{XkJ ^ CFA(XxJ 

Dj^o...oDi,: CFD(X^J ^ CFD(XxJ 

vanishes, which implies that (m^+i ® idg^) o (idg^ 05^) = for all r sufficiently large. □ 

Assume, for the duration of this section, that we have bases {^0, . . . , ^2n} and {f/o, . . . , ?72n} 
for CFK~ {Y,K) just as in Theorem 12. 6[ We begin by considering the basis elements that 
have Alexander grading equal to —g{K). 

By the definitions of vertically and horizontally reduced bases, for any j G {1,...,?7,}, 
neither ^2j-i nor fj2j can have Alexander grading equal to —g{K), since that would require 
^2j or fi2j-i to have Alexander grading less than —g{K). Furthermore, ii K is a. nontrivial 
knot and A{^q) = —g{K), then t{K) = —g{K) and e{K) = —1, since ^0 is congruent 
modulo UC~ to a linear combination of r/i, . . . ,ri2j~i- Likewise, if A{fjQ) = —g{K) < 0, then 
t{K) = g{K) and e{K) = 1. 
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Lemma 3.3. // A{ri2j-i) = —g{K) and ij = 1, then 772^ is congruent modulo UC to 
a linear combination of ^0,^2,^4, ■■■ ,^2n- Furthermore, the coefficient of is zero unless 
t{K) = -g{K) + 1 and g{K) > 1. 

Proof. For p = 0, . . . , 2n, let and fip respectively denote the images of and ffp in = 
C~/UC~. The elements ^o, ^2, • • • , C2n generate the cycles for d^, so we must show that 
d^V2j = 0, i.e., that dfj2j € U ■ CFK~(y, K). The definition of a horizontally simplified basis 
says that A{fi2j) = A{fj2j^i) + 1 and that dfi2j-i = Ufj2j + e, where A{e) < —g{K). The fact 
that fi2j-i is in the minimal Alexander grading on /UC^ implies that e = U6 for some 6 
with A{6) < -g{K). We have: 

= d^2j^i = Udfi2j +de = U{dfi2j + 85), 

and since multiplication by U is injective, dfj2j = d6. Now, since CFK~(F, K) is reduced, we 
have 86 = Ua + /3, where A{(3) < A{6) < y4(f/2j-i), and therefore /3 = U'-f as above. Thus 
(9r/2j = + 7), as required. 

Furthermore, if 172^ has a ^0 component, then the Alexander grading of ^0 — which by 
definition is t{K) — is equal to —g{K) + l, and e{K) = 1 since ^0 has an incoming horizontal 
arrow. The fact that g{K) > 1 then follows from Lemma [3.41 below. □ 

Lemma 3.4. IfY is an L-space homology sphere, and K <zY is a knot with g{K) = 1 and 
t{K) = 0, then e{K) = 0. 

Proof. Suppose, toward a contradiction, that e{K) = 1. We may find horizontally and 
reduced bases {770, . . . , 772n} and {^o, • • • , ^2n} satisfying the conclusions of Proposition 12. 5j in 
particular, C,o = V2- Since g{K) = 1, the horizontal arrow from rji to 772 has length 1, which 
means that A{r]i) = —1 and dr]i = UC,o +7, where ^(7) < —1. As above, 7 = U6 for some 6 
with A{6) < —1 since there are no chains with U power zero having Alexander grading less 
than —g = — 1. Now the filtration levels of .^0 and each of the ^2^-1 are strictly greater than 
— 1, because the vertical differential decreases the Alexander grading and A{^q) = t{K) = 0. 
It follows that rji is in the span of {^2, • • • , ^2n}, so there exist elements such that 
= Tji + Ua. Hence, 

= 0"^^ = d7]i + Uda = U{^o + 6 + da), 
so, by the injectivity of multiplication by U 

da = ^0 + 6. 

If we write S = ao^o + ■ ■ ■ + 0'2n^2ni where G F[t/], the fact that A{5) < —1 implies that Oq 
and ai, 03, . . . , a2n-i must be divisible by U. Setting 

n 

a' = a + y^a2j6j-i, 
i=i 

we see that 

da' = iQ (modf/C"), 

which means that ^0 is in the image of the vertical differential, a contradiction. 

If e{K) = —1, we reduce to the previous case by considering the mirror K in place of 
K. □ 
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We now return to the bordered invariants. Let 

BK = CFB{XK,-g{K)). 

Note that — HFK(F, K, —g(K)), and is generated by some subset of {,^2^ I j = 1, • • • , n}, 
along with if t{K) = —g{K); it is also generated by some subset of {r]2j-i | j = 1, • • • , n}, 
along with tjq if t{K) = g{K). Let ttb = T^-g denote the projection onto Bk- 

Additionally, note that CFD(Xi^, —g{K) + |) is generated by the elements k{, X{, and /ii 

that are "adjacent" to the generators of CFD{Xk, —g{K)) in the vertical, horizontal, and 
unstable chains. To be precise, let 

Vk = subspace generated by {k{ \ ^(^2^) = —g{K)}, and /ii if t{K) = —g{K), 
Hk = subspace generated by {A{ | /l(r/2j„i) = ~g{K)}, and fii if t{K) = g{K). 

Clearly, CFD{Xk, —g{K) + \) = Vk ® Hk. Furthermore, Vk and Hk each have the 
same rank as Bk', indeed, the restriction of D123 + -D3 to Bk gives isomorphisms from Bk 
to Vk and Hk, respectively. Let vry: CFD(Xj^) — )■ Vk and tth- CFD{Xk) — > Hk be the 
composition of vr„g+i/2 with projection onto the appropriate factors. 

The next two propositions describe all of the differentials into and out of Bk and Vk- {Hk 
turns out not to be as useful for the present purposes.) 

Proposition 3.5. Let K be a nontrivial knot with genus g > in an L-space homology 
sphere, and consider the subspace Bk C CFD(Xi^) as described above. 

(1) Elements of Bk have no incoming coefficient maps of any type. More precisely, for 
each I ^ y{, we have vr^ o = 0. 

(2) If Ii, . . . , Ir are elements of such that the restriction of Dj^ o ■ ■ ■ o Dj^ to Bk is 
nontrivial, then: 

(a) /i = 3 or 123. 

(b) Ifh = 123 and r>l, then h = 23. 

(c) ///i = 3 and r > 1, then I2 = 2 or 23; if I2 = 2 and r > 2, then J3 = 123. 

Proof. The first statement follows immediately from Theorem l2.6l and the fact that CFD(X/<, - 
does not contain elements of the form 772^ for j = 1, . . . ,n, and does not contain 770 if t{K) < 
(the only cases where 770 has an incoming coefficient map). 

For the second statement, note that Di and D12 restricted to Bk are both zero, so we 
may reduce to the two cases where /i = 3 or 123, which we treat separately. 

In the case where Ii = 123, we consider the vertical basis for Bk- If £ CFD(Xi^, —g), 
where j G {1, . . . ,n}, then the only nonzero sequence of coefficient maps coming from ^2j 
and starting with -D123 is the vertical chain 

?2j — y «i — > ■ ■ ■ — > Kkj- 



If ^0 ^ CFI){Xk, —g), then t{K) = —g{K) < 0, so the unstable chain provides the sequence 

>. -D123, D2S_ -D23, ^2, 

40 > /il > - - - > /i2g > VO, 

with at least one D23- Thus, the only / such that Dj o Di23\bk can be nonzero is / = 23. 
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In the case where Ii = 3, we use the horizontal basis. If tjq G CFD{Xx, —g), then 
t{K) = g{K) > 0, so the unstable chain provides the sequence 

^70 > fJ'l > ■ ■ ■ > fJ'2g- 

If ?72j-i G CFD(Xk, —g), the horizontal chain from ?72j-i to 772^ provides the sequence 

r]2j-i — > \ > ■ ■ ■ > — > r]2j- 

Thus, it suffices to consider the case where ij = 1. Lemma 13.31 says that r]2j is a linear 
combination of ^2, ^4, • • • , ^2n, along with ^0 provided that t{K) = —g{K) + 1 and g{K) > 1, 
and only -D123 is nonzero on these elements (via corresponding vertical or unstable chains). 
Hence, the only / such that Dj o D20 D^Ib^^ can be nonzero is / = 123, as required. □ 

Proposition 3.6. Let K he a nontrivial knot with genus g > in an L-space homology 
sphere, and consider the subspace Vk C CFD(Xi^) as described above. 

(1) The only possible nonzero sequences of coefficient maps into Vk are -D123 and Di. 
More precisely, if ny o Dj^ o ■ ■ ■ o Di^ ^ 0, then r = 1 and Ii = 123 or 1. 

(2) If the restriction of Dj^ o • ■ ■ o Dj^ to Vk is nontrivial, then Ii =23. 

Proof. By Theorem 12.61 the only coefficient maps whose image have nonzero projection to 
Vk are Di and -D123. Furthermore, the only nonzero contribution to ttv o Di comes when 
^('^2^) = ~g{K) and kj = 1, in which case Di(,^2j"i) = i^i- It remains to verify that .^2j-i 
has no incoming coefficient maps coming from the horizontal or unstable chains. If 7721 has 
a nonzero C,2j-i component, then A{r]2i) = A{^2j-i) = —9{K) + 1 and A{ri2i-i) = —g{K), 
so by Lemma [131 V2i is in the span of ^0,^2, ■ ■ ■ ,^2n, a contradiction. Likewise, if tjq has a 
nonzero ^2j-i component, then t{K) = — y4(?7o) = g{K) — 1 and e{K) = —1, so g{K) > 1 
by Lemma [3.41 hence t{K) > 0. The unstable chain then gives r/o an outgoing differential 

(?7o /ii), not an incoming one. This concludes the proof of the first statement. 

The second statement follows Proposition 13.51 and the fact that Di23\bk '■ Vk is an 

isomorphism. □ 

Next, we use the algorithm of Theorem 12. 21 to give analogous results for CFA{Xk)- We view 
CFA{Xk) as having the same underlying vector space as CFD(X/<), with Aoo multiplications 
given by Theorem 12.21 We may then think of Bk, Vk, and Hk as subspaces of CFA(Xx). 

Proposition 3.7. Let K be a nontrivial knot with genus g > in an L-space homology 
sphere, and consider the subspace Bk C CFA{Xk) as described above. 

(1) Elements of Bk have no incoming multiplications of any type. More precisely, for 
any ai, . . . ^a^ E A, the composition n^g o mk+i{- ® cti ® ■ ■ ■ ® a^) is trivial. 

(2) If Ii, . . . , Ir are elements of 91 such that the restriction of mr+i{- ® p/^ ® ■ ■ ■ C?) pi^) to 
Bk is nonzero, then: 

(a) If Ii = 3, then r > 3, I2 = 2, and 1-3 = 1 or 12. 

(b) If Ji = 123, then r > 2 andl2 = 2. 

Proof. This proposition follows by applying Theorem 12.21 to the results of Proposition 13.51 
For any Ji, . . . , G 91 with Ji ■ ■ ■ alternating and last(/j) > first(/j+i) for all i, we have 

mr+i{- ® p/i ® ■ ■ ■ ® p/J = D^^j^) o ■ ■ ■ o D^^j^), 
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where ( Ji, . . . , Jj) = ■ ■ ■ Ir)- If the restriction of m,,+i(- ® pi-^ ® ■ ■ ■ ® pi^) to Bk or Vk 
is nonzero, the sequence . . . ,(j){Jj)) must satisfy the conclusions of Proposition 13.51 

Specifically: 

• If /i = 3, then (f){Ji) begins with 1, so Proposition 13.51 says that 0(Ji) = 123 and 
(/.( J2) = 23 if J > 1. Hence h---Ir = 321 or 32121 . . . , so /a = 2 and Jg = 1 or 12. 

• If Ji = 123, then (l){Ji) = 3 and ^(Ja) = 2, so Proposition 13.51 says that j > 2 and 
J3 = 123. Hence I^---I, = 12321 ■ • ■ , so /a = 2. 

□ 

A similar argument shows: 

Proposition 3.8. Let K he a nontrivial knot with genus g > in an L-space homology 
sphere, and consider the suhspace Vk C CFA{Xk) as described above. 

(1) The only possible nonzero Aoo rnultiplications into Vk are m2{- ® ps) and m4(- ® p3 ® 
P2 ® Pi)- More precisely, if ny o mr+i{- ® p/^ ® ■ ■ ■ (8> pi^) 7^ 0, then either r = 1 and 
Ii = 3, or r = 3 and (Ji, h) = (3, 2, 1). 

(2) If the restriction of mr+i{- ® p/^ ® ■ ■ ■ (8> p/^) to Bk is nonzero, then Ii = 2. □ 

Proof of Theorem [H Let Ki C Yi and K2 C I2 be nontrivial knots in L-space homology 
spheres. The Alexander gradings on CFA(A'i) and CFD(A'2) give a direct sum decomposition 
of CFA(Xi^J K CFD(Xx2) as a vector space, 

CFA(X^J K CFD(XkJ = 0C„ 

where 

= CFA(Xx,,t) ®x CFD(Xx„ s - t). 

Note that C_g(^Ki)-g{K2) = Bk^ ® 5i^2 and C^g(^Ki)~giK2)+i = (Yki ® V^-J © (Vk^ (g) i^'^J © 
{Hki ® VftTj) © (-ffi^i ® Hk2)- We claim that the direct summands S = Bk^ i?j^2 and 
\/ = ® Vk^, each of dimension dimHFK(Fi, ATi, -^(ATi)) ■ dimHFK(if2, Afa, -^(ATz)), 
both survive in the homology of CYK{Xki) K1 CY'D{Xk2)i which will prove that 

dimi7A(y(i^i,A:2)) > 2dimHFK(yi,i^i,-(7(J^i)) ■dimHFK(i72,i^2,-(7(i^2)) > 2, 
as required. 

To see that the differential on CFA(X/fJ KlCFD(X/^2) is identically zero on B, we simply 
note that there do not exist /i, . . . , A ^ ^ satisfying the conclusions of the second parts 
Propositions 13.51 and 13.71 simultaneously. Thus, for any x G Bk^ and y G Bk2^ 

d^{x (g)y)= ^r+iix © ® ■ ■ ■ © p/J © (D/, o . . . o DjJ{y) = 0. 

ii,...,ire<n 

(Here rrir+i denotes an multiplication on CFA{Xki), while D/^, . . . , Dj^ denote coefficient 

maps on CFD(X/^2).) Furthermore, the first parts of Propositions 13.51 and 13. 71 imply that the 
composition of with the projection onto B coming from the direct sum decomposition is 
zero. Thus, B survives in homology. 
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The proof for V is similar, using Propositions 13.61 and 13.81 Just as above, we see that so the 
restriction of to V vanishes. Furthermore, if a; G CFA(Xxi) and y G CFD(Xx2) are such 
that d^{x ® y) has nontrivial projection to V, there must he Ii, . . . , Ir that simultaneously 
satisfy the first parts of Propositions 13.61 and 13. 8[ but clearly this is impossible. □ 



4. Examples 

Let L and R denote the left- and right-handed trefoils in S^, respectively. CFD(Xl) and 
CFD(X/j) are as follows: 



CFD{Xl) 



CFD{Xn) 



Di23 





Dl23 



According to Theorem 12.21 CFA(X/j) is as follows (using capital Greek letters to avoid 
confusion when we take tensor products below): 



Pl2 




P3,P2,P1 



We may use these results to compute the tensor product complexes CFA(X/j) ^CFD{Xl) 
and CFA(Xr) KI CFI){X ji), illustrated in Figures [1] and El In each of these figures, the two 
homology classes provided by the proof of Theorem [1] are indicated in boldface. 

From these complexes, it is easy to verify that 



dimHF(y(/2,L)) = dimi7,(CFA(X^j,) K CFD(Xl)) = 9 



and 



dimRF {Y{R,R)) = dim H^{CFA{Xr) K CFF){Xr)) = 7. 
Since Y{L,L) = —Y{R,R), we also have 

dimHF(F(L,L)) = 7. 
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S26 



Figure 1. CFA(Xh) K CFD(Xi). 

The reader is encouraged verify these results in another way by computing CFA{Xl) and 
evaluating its box tensor product with CFD{Xl) and CFD(X/j). 

5. Future Directions 

We conclude by discussing the prospects for generalizing Theorem [1] to manifolds obtained 
by splicing knots in arbitrary homology spheres, which would prove Conjecture [2l If is a 
knot in a homology sphere Y, the proof of Theorem 12.61 given in [12] can be adapted to give 
a description of CFD{Xx) in terms of CFK~(y, K), with multiple unstable chains when Y is 
not an L-space. However, the structure of the unstable chains depends on the isomorphism 
induced on homology by a certain chain homotopy equivalence 

J: (C^d^) ^ {C",d^) 

that arises in the course of the proof, and this isomorphism is not a priori determined 
merely by CFK~{X,K). Furthermore, even though {C^,d^) and {C'",d'") are filtered chain 
homotopy equivalent, the map J need not be a filtered chain homotopy equivalence. In 
particular, an unstable chain may connect a horizontal generator tjq and a vertical generator 
eo with A{r]o) ^ -A{Co). 

As a result. Propositions 13.51 through 13.81 no longer hold when Y is not an L-space. For 
example, let Y be the manifold obtained by +1 surgery on L (i.e., the Brieskorn sphere 
— S(2, 3, 7)), and let K be the core of the surgery torus. Note that Xk = Xl, but the 
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Mi/ii 

32^2 

Figure 2. CFA(Xr) M CFD(Xr). 



parametrization (f)^ differs from (pi by a longitudinal Dehn twist. Thus, 

CFD(X,,, <f)K) ^ CFDA{t^') m CFD(Xi, 0^.), 

where CFDA(r;^^) is one of the Dehn twist bimodules computed in [XT] Section 10.2]. By 

evaluating this tensor product and simplifying, the reader may verify that CFD{Xk, (px) has 
the following form: 




Here, r^o, ?72, and are the generators of vertical homology, and ^q, ^i, and ^2 are the 
generators of horizontal homology. The only generator in Alexander grading —1 is rji. No- 
tice that D2 o -Di23(?7i) and Du o D2 o D^{rii) are both nonzero (and distinct), contrary to 
Proposition 13.51 Furthermore, by Theorem 12.21 the corresponding generator in CFA(Xx) 
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has outgoing m4(- ® ps ® p2 ® P12) and m^l- (g) P123 ® P2) multiplications, contrary to Proposi- 
tion [3]T1 Therefore, when Ki and K2 are knots in arbitrary homology spheres, the subgroup 
Bk^ (g) C CFA(Xi^J KI CFD(Xi^2) does not necessarily survive in homology, unlike in 
our proof of Theorem [1] A different strategy will thus be required for a proof of Conjecture 

m 
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